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Индонезија	 је	 препуна	 природних	 ризика.	 Готово	 све	 ризичне	 природне	 појаве	 се	 могу
десити	у	Индонезији,	као	на	пример,	ерупције	вулкана,	земљотреси	и	цунами.
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Општи	подаци

Брзина	светлости	у	вакууму c =		 299	792	458	m ⋅ s−1
Магнетна	пермеабилност	вакуума μ0 = 4π	 × 	 	kg ⋅ m ⋅ ⋅10−7 A−2 s−2
Диелектрична	пропустљивост
вакуума ε0 = 8.854	187	817	 × 	 ⋅ ⋅ k ⋅10−12 A2 s4 g−1 m−3

Елементарно	наелектрисање e = 1.602	176	620	8(98)	 × 	 	A ⋅ s10−19
Маса	електрона me = 9.109	383	56(11)	 × 	 	kg10−31
	 	 = 0.510	998	946	1(31)	MeV/c2
Маса	протона mp = 1.672	621	898(21)	 × 	 	kg10−27
	 	 = 938.272	081	3(58)	MeV/c2
Маса	неутрона mn = 1.674	927	471(21)	 × 	 	kg10−27
	 	 = 939.565	413	3(58)	MeV/c2
Атомска	јединица	масе u = 1.660	539	040(20)	 × 	 kg10−27
Ридбергова	константа R∞ = 	10	973	731.568	508(65)	m−1

Гравитациона	константа G = 6.674	08(31)	 × 	 	 ⋅ k ⋅10−11 m3 g−1 s−2
Убрзање	Земљине	теже g = 	9.81	m ⋅ s−2
Планкова	константа h = 	6.626	070	040	(81)	 × 	 	kg ⋅ ⋅10−34 m2 s−1
Авогадров	број NA = 	6.022	140	857	(74)	 × 	 	mo1023 l−1
Универзална	гасна	константа R = 	8.314	4598(48)	kg ⋅ 	 ⋅ ⋅ mo ⋅m2 s−2 l−1 K−1

Константа	моларне	масе Mu = 	1	 × 	 	kg ⋅ mo10−3 l−1
Болцманова	константа kB = 1.380	548	52(79)	 × 	 	kg ⋅ ⋅ ⋅10−23 m2 s−2 K−1

Штефан-Болцманова	константа σ = 5.670	367	(13)	 × 	 	kg ⋅ 	 ⋅10−8 s−3 K−4
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Dark Matter 

A. Cluster of Galaxies 

Question A.1 

Answer  Marks 

Potential energy for a system  of a spherical object with mass 

34
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3
 M r r  and a test particle with mass dm at a distance r is given by 
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Thus for a sphere of radius R 
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Then using the total mass of the system 
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Question A.2 

Answer  Marks 

Using the  Doppler Effect,  

)1(
1

1
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
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
 fffi , 

where   v c  and  cv   . Thus the i‐th galaxy moving away (radial) speed 

is 

c
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Alternative without approximation: 

 

 

0.2 pts 

All the galaxies in the galaxy cluster will be moving away together due to the 

cosmological  expansion.  Thus  the  average moving  away  speed  of  the  N
galaxies in the cluster is 

. 

Alternative without approximation: 

 

0.3 pts 

Total  0.5 pts 
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Question A.3 

Answer  Marks 

The galaxy moving away speed  iV ,  in part A.2,  is only one component of the 

three component of the galaxy velocity.  Thus the average square speed of each 

galaxy with respect to the center of the cluster is 

 

Due to isotropic assumption 

 

0.5 pts 

And thus the root mean square of the galaxy speed with respect to the cluster 

center is 

 

 

Alternative without approximation: 
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The mean kinetic energy of the galaxies with respect to the center of the cluster 

is 

 

 

0.3 pts 

Total  1.5 pts 
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Question A.4 

Answer  Marks 

The time average of  /d dt  vanishes 
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Where K is the total kinetic energy of the system. Since the gravitational force on 

i‐th  particle comes from its interaction with other particles then 
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Alternative proof: 

෍ܨԦ௜
௜	

. Ԧ௜ݎ ൌ ෍ Ԧ௝௜ܨ
௜,௝ஷ௜	

. Ԧ௜ݎ ൌ .Ԧଶଵܨ Ԧଵݎ ൅ .Ԧଷଵܨ Ԧଵݎ ൅ .Ԧସଵܨ Ԧଵݎ ൅ ⋯൅ .Ԧேଵܨ Ԧଵݎ ൅ 

.Ԧଵଶܨ Ԧଶݎ ൅ .Ԧଷଶܨ Ԧଶݎ ൅ .Ԧସଶܨ Ԧଶݎ ൅ ⋯൅ .Ԧேଶܨ Ԧଶݎ ൅ 

.Ԧଵଷܨ Ԧଷݎ ൅ .Ԧଶଷܨ Ԧଷݎ ൅ .Ԧସଷܨ Ԧଷݎ ൅ ⋯൅ .Ԧேଷܨ Ԧଷݎ ൅…  

.Ԧଵேܨ Ԧேݎ ൅ .Ԧଶேܨ ܰே ൅ .Ԧଷேܨ Ԧேݎ ൅ ⋯൅ .Ԧேேିଵܨ  Ԧேିଵݎ

Collecting terms and noting that ܨԦ௜௝ ൌ െܨԦ௝௜ we have 

0.9 pts 
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.Ԧଵଶܨ ሺݎԦଶ െ Ԧଵሻݎ ൅ .Ԧଵଷܨ ሺݎԦଷ െ Ԧଵሻݎ ൅ .Ԧଵସܨ ሺݎԦସ െ Ԧଵሻݎ ൅ ⋯൅ .Ԧଶଷܨ ሺݎԦଷ െ Ԧଶሻݎ

൅ .Ԧଶସܨ ሺݎԦସ െ Ԧଶሻݎ ൅ ⋯൅ .Ԧଷସܨ ሺݎԦସ െ Ԧଷሻݎ ൅ ⋯ ൌ෍ܨԦ௝௜. ൫ݎԦ௜ െ Ԧ௝൯ݎ
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Thus we have 
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And  by  taking  its  time  average  we  obtain 02 
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0.2 pts 

Total  1.7 pts 
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Question A.5 

Answer  Marks 

Using Virial theorem, and since the dark matter has the same root mean square 

speed as the galaxy, then we have 
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0.3 pts 

From which we have 

 
0.1 pts 

And the dark matter mass is then
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Total  0.5 pts 
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B. Dark Matter in a Galaxy 

Question B.1 

Answer  Marks 

Answer B.1: The gravitational attraction for a particle at a distance r from 

the  center  of  the  sphere  comes  only  from  particles  inside  a  spherical 

volume of radius r. For particle inside the sphere with mass , assuming 

the particle is orbiting the center of mass in a circular orbit, we have  

 

  

0.3 pts 

with  is the total mass inside a sphere of radius   

 

Thus we have 
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While for particle outside the sphere, we have 
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The sketch is given below 

 

Sketch of the rotation velocity vs distance from the center of galaxy 

0.1 pts 

Total  0.8 pts 

Question B.2 

Answer  Marks 

The total mass can be inferred from 

 

Thus 

 

 

0.5 pts 

Total  0.5 pts 

 

g

s

g

sg

R

vm

R

mRm
G

2
0

2

)('


G

Rv
Rmm g

gR

2
0)(' 



Solutions/ 
Marking Scheme  

T1 

 

Page 10 of 14 

Question B.3 

Answer  Marks 

Base on the previous answer in B.1, if the mass of the galaxy comes only 

from  the  visible  stars,  then  the  galaxy  rotation  curve  should  fall 

proportional to  on the outside at a distance r >  . But in the figure 

of problem b) the curve remain constant after r >  , we can infer from 

. 

 to make  constant, then m'(r) should be proportional to r for , 

i.e. for r > ,  with   is a constant.   

  

0.3 pts 

While  for ,  to  obtain  a  linear  plot  proportional  to ,  then 

should be proportional to , i.e.  . 

 

0.3 pts 

Thus for  we have 

 

 

Thus total mass density  

 

0.2 pts 

or  

Thus the dark matter mass density  
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While for   we have 

 

 

 

 

, or  . 

 

0.2 pts 

Now to find the constant A. 

 

Thus  and   

We can also find A from the following 

, thus . 

Thus the dark matter mass density (which is also the total mass density 

since   for  . 

for  

 

0.3 pts 

Total  1.5 pts 
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C. Interstellar Gas and Dark Matter  

 

Question C.1 

Answer  Marks 

Consider a very small volume of a disk with area A and thickness r, see Fig.1 

 

Figure 1. Hydrostatic equilibrium 

In hydrostatic equilibrium we have 

 

0.3 pts 

 

. 

. 

0.2 pts 

Total  0.5 pts 
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Question C.2 

Answer  Marks 

Using the ideal gas law P = n kT where n = N/V where n is the number 

density, we have 

 

Thus we have 

. 

	

0.5 pts 

Total  0.5 pts 

 

Question C.3 

Answer  Marks 

If we have isothermal distribution, we have dT/dr = 0 and 

 

 

0.2 pts 

From information about interstellar gas number density, we have 

 

Thus we have 
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Mass density of the interstellar gas is 

 

Thus  

 

 

 

0.3 pts 

 

 

 

0.3 pts 
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Earthquake, Volcano and Tsunami 

A. Merapi Volcano Eruption 

Question  Answer  Marks 

A.1  Using Black’s Principle the equilibrium temperature can be obtained  

݉௪ܿ௩௪ሺ ௘ܶ െ ௪ܶሻ ൅ ݉௠ܿ௩௠ሺ ௘ܶ െ ௠ܶሻ ൌ 0 

Thus,  

௘ܶ ൌ
݉௪ܿ௩௪ ௪ܶ ൅ ݉௠ܿ௩௠ ௠ܶ

݉௪ܿ௩௪ ൅ ݉௠ܿ௩௠
 

0.5 pts 

A.2  For ideal gas,  e e ep v RT  , thus 

௘݌ ൌ
ܴ
௘ݒ

݉௪ܿ௩௪ ௪ܶ ൅ ݉௠ܿ௩௠ ௠ܶ

݉௪ܿ௩௪ ൅ ݉௠ܿ௩௠
 

 

0.3 pts 

A.3  The relative velocity  relu   can be expressed as  

௥௘௟ݑ ൌ ߢ  ఈܸఉ݉ఊ݌

where ߢ is a dimensionless constant. 

Using dimensional analysis, one can obtain that 

ଵିܶܮ ൌ  ఈାଷఉܶିଶఈିܮఈାఊܯ

ߙ ൅ ߛ ൌ 0 

െߙ ൅ ߚ3 ൌ 1 

െ2ߙ ൌ െ1 

Therefore 	
௥௘௟ݑ ൌ ߢ  ଵ/ଶܸଵ/ଶ݉ିଵ/ଶ݌

0.5 pts 

Total score  1.3 pts 
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B. The Yogyakarta Earthquake 
 

Question  Answer  Marks 

B.1  From the given seismogram, fig. 2 

 

One can see that the P‐wave arrived at 22:54:045 or (4.5 – 5.5)  

seconds after the earthquake occurred at the hypocenter. 

0.3 

pts 

0.5 

pts 

Since the horizontal distance from the epicenter to the seismic station 

in Gamping is 22.5 km, and the depth of the hypocenter is 15 km, the 

distance from the hypocenter to the station is  

 

0.1 

pts 

Therefore, the P‐wave velocity is 

௉ݒ ൌ
27.04 Km
4.7 s

ൌ 5.75 Km/s 

 

0.1 

pts 

 

   

2 222.5 15  km 27.04 km 
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Question  Answer  Marks 

B.2  Direct wave: 

2 2

direct
1 1

500 15 502.021
 s 86.9 s

5.753

SR
t

v v


      

0.2 

pts 

0.6 

pts 

As in the case of an optical wave, the Snell’s law is also applicable to 

the seismic wave. 

 

Illustration for the traveling seismic Wave 

Reflected wave: 

reflected
1 1

SC CR
t

v v
    

500
cos cos 500 cot

45
SC CR        

reflected
1

45
87.3 s

sin
t

v 
     

0.4 

pts 
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Question  Answer  Marks 

B.3  Velocity of P‐wave on the mantle. The fastest wave crossing the mantle 

is that propagating along the upperpart of the mantle. From the figure 

on refracted wave, we obtain that 
2

1 1

1 2 2 2

sin 1
;       sin ;      cos 1

v v

v v v v

  
 

    
 

  

1 2
1

15 15 30
cos ;     km;     km

cos cos
x x

x


 
     

 3 1 2500 sin 500 45 tanx x x         

0.4 

pts

1.2 

pts

The total travel time: 

31 2

1 2 1 2 2

45 500 45 tan

cos

xx x
t

v v v v v





       

1 2 2cos 45 500 cos 45 sint u u u       

where  1 11u v   and  2 21u v . Arranging the equation, we get 

 2 2 2 2 2
2 2 1500 45 2  500 45  0u t u t u       

whose solution is 

 2 2 2 2 2
1 1 1

2 2 2 2
1

500 45 45 500

45

tv v t v
v

t v

  



  

0.5 

pts

 

From the seismogram, we know that the fastest wave arrived at 

Denpasar station at 22:55:15, which is  75 st   from the origin time of 

the earthquake in Yogyakarta. Thus  

2 7.1 km/sv   

0.3 

pts
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Question  Answer  Marks 

B.4  By using Snell’s law and defining  sinp v   and  1u v , we obtain 

0(0)sin ( )sin ;         sin
( )

p
p u u z

u z
       

0.2 

pts

1.4 

pts

where  ( ) 1 ( )u z v z   and  0   is  the  initial  angle  of  the  seismic  wave 

direction. 

2

sin ;            cos 1
( ) ( )

dx p dz p

ds u z ds u z
 

 
     

 
  

 
 1 22 2

1 22 2

dx dx ds p u
p u p

dz ds dz u u p
   


  

 
2

1

1 22 2
 

z

z

p
x dz

u p



   

0.5 

pts

 

Illustration for the direction of wave 

The distance X is equal to twice the distance from epicenter to the turning 

point. The turning point is the point when  . Thus 

0

0

11
( ) ;      t t

t

pv
p u z z

v az ap


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
   

 2 2 2 20
0 02 2 1 2

00

( ) 2
2 1 ( ) 1
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0.7 

pts
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Question  Answer  Marks 

B.5 
For the travel time,  ;      ( ).

( )

ds dt
dt u z

v z ds
   

Thus 

2

2 2 1 2( )

dt dt ds u

dz ds dz u p
 


  

and therefore 

   

1.0 

pts 

1.0 

pts 

B.6  The total travel time from the source to the Denpasar can be calculated 

using previous relation 

 
2

1 22 2
0

( )
( ) 2

( )

tz u z
T p dz

u z p



   

Which is valid for a continuous  ( )u z . For a simplified stacked of 

homogeneous layers (Figure F), the integral equation became a 

summation 

 
2

1 22 2
( ) 2

N
i i

i
i

u z
T p

u p





   

0.6 

pts 

1.0 

pts 
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ሺݑଵ
ଶ െ ଶሻ݌

ଵ
ଶ

൅ 2
ଶݑ
ଶ∆ݖଶ

ሺݑଶ
ଶ െ ଶሻ݌

ଵ
ଶ

൅ 2
ଷݑ
ଶ∆ݖଷ

ሺݑଷ
ଶ െ ଶሻ݌

ଵ
ଶ

 

ൌ
2 ൈ ሺ0.1504ሻଶ ൈ 6

ሺ0.1504ଶ െ 0.143ଶሻ
ଵ
ଶ

൅
2 ൈ ሺ0.1435ሻଶ ൈ 9

ሺ0.1435ଶ െ 0.143ଶሻ
ଵ
ଶ

൅
2 ൈ ሺ0.1431ሻଶ ൈ 15

ሺ0.1431ଶ െ 0.143ଶሻ
ଵ
ଶ

 

ൌ 151.64	second 

Note  that  the  actual  travel  time  from  the  epicenter  to  Denpasar  is  75 

seconds. By varying the parameters of velocity and depth up to suitable 

value of observed travel time, physicist can know Earth structure. 

0.4 

pts 

Total score 5.7 

pts 
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C. Java Tsunami 

Question  Answer  Marks 

C.1  The center of mass of the raised ocean water with respect to the ocean 

surface is h/2.  Thus 

௉ܧ ൌ
݄ଶ݃ܮߣߩ

4
 

where ρ is the ocean water density. 

0.5 

pts

0.5 

pts

C.2  Considering a  shallow ocean wave  in Fig. 5,  the whole water  (from the 

surface until the ocean floor) can be considered to be moving due to the 

wave motion. The potential energy is equal to the kinetic energy. 

1
4
݃ܮଶ݄ߣߩ ൌ

1
4
 ଶܷߣܮ݀ߩ

Where  2x    and U   is the horizontal speed of the water component. 

The water component that was in the upper part ݄ܮ ఒ

ଶ
  should be equal to 

the  one  that  moves  horizontally  for  a  half  of  period  of  time  ߬ 2ൗ ,  i.e. 

ܮ݄ ߣ 2⁄ ൌ ܷܮ݀ ߬ 2⁄ . 

Thus we have 

ܷ ൌ
ߣ݄
߬݀

 

 

0.7 

pts

1.2 

pts

Accordingly, 

  ߬ ൌ
ఒ

ඥ௚ௗ
 

Thus 

ݒ ൌ
ߣ
߬
ൌ ඥ݃݀ 

0.5 

pts

C.3  Using  the argument  that  the wave energy density  is proportional  to  its 

amplitude ܧ ൌ  is amplitude and ݇ is a proportional constant ܣ ଶ withܣ݇
Because the energy flux is conserve, then  

ܽݒܧ ൌ  .଴ܽ  for an area ܽ where the wave flow thoughݒ଴ܧ
Then,  

ଶඥ݃݀ܣ݇ ൌ ଴ܣ݇
ଶඥ݃݀଴  

ܣ ൌ ଴ܣ ൬
݀଴
݀
൰

ଵ
ସ
 

(Therefore  the  tsunami  wave  will  increase  its  amplitude  and  become 

narrower as it approaches the beach). 

1.3 

pts

1.3 

pts

Total score 3.0 

pts



Solutions/ 
Marking Scheme 

T2 
 

Page 8 of 8 

Total Score for Problem T2: 

Section A :   1.3 points 

Section B :  5.7 points 

Section C :  3.0 points 

Total : 10 points 
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Cosmic Inflation 

A. Expansion of Universe 

Question A.1 

Answer  Marks 

For any test mass ݉ on the boundary of the sphere,  

݉ ሷܴ ሺݐሻ ൌ െܯ݉ܩ௦/ܴଶሺݐሻ 		(A.1.1) 

where ܯ௦ is mass portion inside the sphere 

0.2 

Multiplying equation (A.1.1) with  ሶܴ and integrating it gives 

න ሶܴ ݀
ሶܴ

ݐ݀
ݐ݀	 ൌ

1
2
		 ሶܴ ଶ ൌ 	

௦ܯܩ

ܴ
൅  	ܣ

where ܣ is a integration constant 

0.6

Taking ܯ௦ ൌ
ସ

ଷ
  and	ሻ,ݐሺߩሻݐଷሺܴߨ ሶܴ ൌ ሶܽ ܴ௦  0.2 

൬
ܽ
ܽ
ሶ
൰
ଶ

ൌ
ܩߨ8
3

ሻݐሺߩ ൅
ܣ2

ܴ௦ଶܽଶሺݐሻ
 

0.2 

Therefore, we have ܣଵ ൌ
଼గீ

ଷ
  0.1 

Total  1.3 

 

 

 

 

 

 

 

Question A.2 

Answer  Marks 
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The  2nd  Friedmann  equation  can  be  obtained  from  the  1st law  of 

thermodynamics  : 

ܧ݀ ൌ െܸ݀݌ ൅ ݀ܳ. 

0.1

For adiabatic processes ݀ܧ ൅ ܸ݀݌ ൌ 0 and its time derivative is ܧሶ ൅ 	݌ ሶܸ ൌ
0.  

0.1 

For the sphere   ሶܸ ൌ ܸ	ሺ3	 ሶܽ /ܽሻ   0.1 

Its total energy  is ܧ ൌ ሻݐሻܸሺݐሺߩ ܿଶ   0.2 

Therefore  ܧሶ ൌ ቀߩሶ ൅ 3	
௔ሶ

௔
ቁ ܸܿଶ   0.1 

It yields  

ሶߩ ൅ 3 ቀߩ ൅
݌
ܿଶ
ቁ
ሶܽ
ܽ
ൌ 0 

0.2 

Therefore, we have ܣଶ ൌ 3.  0.1 

Total  0.9 
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Question A.3 

Answer  Marks 

Interpreting ߩሺݐሻܿଶ as total energy density, and substituting  ௣
ሺ௧ሻ

௖మ
ൌ   ሻݐሺߩ	ݓ

in to the 2nd Friedmann equation yields: 

ሶߩ ൅ 3 ሺ1ߩ ൅ ሻݓ
ሶܽ
ܽ
ൌ 0 

0.1 

ߩ ∝ ܽିଷሺ௪ାଵሻ  0.2 

(i) In case of radiation, photon as example, the energy is given by ܧ௥ ൌ
ߥ݄ ൌ ௥ߩ then its energy density ߣ/݄ܿ ൌ

ாೝ
௏
∝ ܽିସ so that ݓ௥ ൌ

ଵ

ଷ
 

0.3 

(ii)  In case of nonrelativistic matter,  its energy density nearly ߩ௠ ≃ ௠బ௖మ

௏
∝

ܽିଷ since dominant energy comes from its rest energy ݉଴ܿଶ, so that ݓ௠ ൌ
0 

0.3 

(iii) For a constant energy density, let say ߳ஃ ൌ constant, ߳ஃ ∝ ܽ଴ so that 
ஃݓ ൌ െ1. 

0.3 

Total  1.2 
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Question A.4 

Answer  Marks 

(i) In case of ݇ ൌ 0, for radiation  we have ߩ௥ܽସ ൌ constant. So by comparing 

the parameters values with their present value,  ߩ௥ሺݐሻܽସሺݐሻ ൌ ௥଴ܽ଴ߩ
ସ,  

ቀ
௔ሶ

௔
ቁ
ଶ
ൌ

଼గீ

ଷ
௥଴ߩ	 ቀ

௔బ
௔
ቁ
ସ
.    

׬ ܽ	݀ܽ ൌ
ଵ

ଶ
ܽଶ ൅ ܭ ൌ ቀ

଼గீ

ଷ
௥଴ܽ଴ߩ

ସቁ
భ
మ   .ݐ

0.2 

Because ܽሺݐ ൌ 0ሻ ൌ 0, ܭ ൌ 0, then

ܽሺݐሻ ൌ ሺ2ሻ
భ
మ 	ቀ

଼	గீ

ଷ
௥଴ܽ଴ߩ	

ସቁ
భ
ర ݐ	

భ
మ ൌ ሺ2ܪ଴ሻ

భ
మ	ݐ	

భ
మ . 

where ܪ଴ ൌ ቀ
଼గீ

ଷ
௥଴ቁߩ	

భ
మ
 after taking ܽ଴ ൌ 1. 

0.2

(ii)  for  non‐relativistic  matter  domination,  using  ሻݐሻܽଷሺݐ௠ሺߩ ൌ ௠଴ܽ଴ߩ
ଷ,    and 

similar way  we will get 

ܽሺݐሻ ൌ ቀଷ
ଶ
ቁ
మ
య 	ቀ

଼	గீ

ଷ
௠଴ܽ଴ߩ	

ସቁ
భ
య ݐ	

మ
య ൌ ቀ

ଷுబ
ଶ
ቁ
మ
య ݐ	

మ
య. 

where ܪ଴ ൌ ቀ
଼గீ

ଷ
௠଴ቁߩ

భ
మ
. 

0.4

(iii) for constant energy density,  

ln ܽ ൌ ݐ଴ܪ ൅  ′ܭ

Where ܭ′ is integration constant and ܪ଴ ൌ ቀ
଼	గீ

ଷ
ஃቁߩ	

భ
మ
.  Taking condition ܽ଴ ൌ

1,	 

ln ൬
ܽ
ܽ଴
൰ ൌ ݐ଴ሺܪ െ  ଴ሻݐ

ܽሺݐሻ ൌ ݁ுబሺ௧ି௧బሻ 

0.4 

Total  1.2 
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Question A.5 

Answer  Marks 

Condition for critical energy condition: 

ሻݐ௖ሺߩ ൌ
ଶܪ3

ܩߨ8
 

Friedmann equation can be written as 

ሻݐଶሺܪ ൌ ଶሺtሻΩሺtሻܪ െ
݇ܿଶ

ܴ଴
ଶܽଶሺݐሻ

 

ቀ
ோబ
మ

ୡమ
ቁ ܽଶܪଶሺΩ െ 1ሻ ൌ ݇                                   (A.5.1) 

0.1 

Total  0.1 

 

      Question A.6 

Answer  Marks 

Because  ቀ
ோబ
మ

ୡమ
ቁ ܽଶܪଶ 	൐ 0,  then  ݇ ൌ ൅1  corresponds  to  Ω ൐ 1,  ݇ ൌ െ1 

corresponds to Ω ൏ 1 and ݇ ൌ 0 corresponds to Ω ൌ 1 

0.3 

Total  0.3 
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B.  Motivation To Introduce Inflation Phase and Its General Conditions 

Question B.1 

Answer  Marks 

Equation (A.5.1) shows that 

ሺΩ െ 1ሻ ൌ ௞௖మ

ோబ
మ 	

ଵ

௔ሶ మ
 .  

0.1

In a universe dominated by non‐relativistic matter or radiation, scale factor can 

be  written  as  a  function  of  time  as  ܽ ൌ ܽ଴ ቀ
௧

௧బ
ቁ
௣
  where  ݌ ൏ 1  ݌) ൌ 	

ଵ

ଶ
  for 

radiation and ݌ ൌ
ଶ

ଷ
 for non‐relativistic matter ) 

0.2 

ሺΩ െ 1ሻ ൌ ෨݇  ଶሺଵି௣ሻݐ 0.2 

Total  0.5 

Question B.2 

Answer  Marks 

For a period dominated by constant energy provides the solution ܽሺݐሻ ൌ ݁ு௧  so 
that  ሶܽ ൌ  ு௧݁ܪ

0.1 

ሺΩ െ 1ሻ ൌ
݇
ଶܪ ݐ

ିଶு௧ 
0.2 

Total  0.3 
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Question B.3 

Answer  Marks 

Inflation period  can be generated by  constant  energy period,  therefore  it  is  a 
phase where ݓ ൌ െ1 so that ݌ ൌ ଶܿߩݓ ൌ െܿߩଶ (negative pressure). 

0.2 

Differentiating Friedmann equation leads to 

ሶܽ ଶ ൌ
ܩߨ8
3

ଶܽߩ	 െ
݇ܿଶ

ܴ଴
ଶ  

2 ሶܽ ሷܽ ൌ 	
଼గீ

ଷ
	ሺߩሶܽଶ ൅ 	ܽߩ2 ሶܽ ሻ ൌ

଼గீ

ଷ
	ሺെ3	 ቀߩ ൅

௣

௖మ
ቁ ܽ ሶܽ ൅ ܽߩ2 ሶܽ ሻ. 

ሷܽ
ܽ
ൌ െ

ܩߨ4
3

ሺߩ ൅
݌3
ܿଶ
ሻ 

0.4 

So that because during inflation ݌ ൌ െܿߩଶ, it is equivalent with condition   ሷܽ ൐
0 (accelerated expansion) 

0.1 

As  a  result,    ሷܽ 	 ൌ ݀ሺ ሶܽ ሻ/݀ݐ	  ൌ ݀ሺܽܪሻ/݀ݐ ൐ 0  or  ݀ሺܽܪሻିଵ/݀ݐ ൏ 0  (shrinking 
Hubble radius). 

0.2

Total  0.9 

 

Question B.4 

Answer  Marks 

Inflation condition can be written as 
ௗሺ௔ுሻషభ

ௗ௧
൏ 0, with ܪ ൌ ሶܽ/ܽ as such 

݀ሺܽܪሻିଵ

ݐ݀
ൌ െ

ሶܽܪ ൅ ሶܪܽ

ሺܽܪሻଶ
ൌ െ

1
ܽ
ሺ1 െ ߳ሻ ൏ 0 ⟹ ߳ ൏ 1 

0.2 

Total  0.2 
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C.  Inflation Generated by Homogenously Distributed Matter 

 

Question C.1 

Answer  Marks 

Differentiating  equations (4)  and employing equation 4 we can get 

ሶܪܪ2 ൌ
ଵ

ଷெ೛೗
మ ቂ߶ሶ߶ሷ ൅ ቀ

డ௏

డథ
ቁ߶ሶ ቃ ൌ

ଵ

ଷெ೛೗
మ ሾെ3ܪ	߶ሶ ଶሿ  

ሶܪ ൌ െ
1
2
߶ሶ ଶ

௣௟ܯ
ଶ  

0.3 

Therefore  ߳ ൌ
ଵ

ଶ

థሶ మ

ெ೛೗
మ ுమ

  0.1 

The  inflation  can  occur  when  the  potential  energy  dominates  the  particle’s 

energy ሺ߶ሶ ଶ ≪ ܸ)  such that ܪଶ ൎ ܸ/ሺ3ܯ௣௟
ଶ ሻ. 

0.2 

Slow‐roll approximation:    3ܪ߶ሶ ൎ െܸ′  0.1 

Implies 

߳ ൎ
ெ೛೗
మ

ଶ
ቀ
௏ᇲ

௏
ቁ
ଶ
                                             (C.1.1) 

0.3 

we also have 

ሶܪ3 ߶ሶ ൅ ሷ߶ܪ3 ൌ െܸᇱᇱ߶ሶ  

	ߜ ൌ െ
థሷ

ுథሶ
ൌ

௏ᇲᇲ

ଷுమ
െ ߳  

Therefore 

௏ߟ ൎ ௉௟ܯ
ଶ ௏ᇲᇲ

௏
                                              (C.1.2) 

0.4 

dܰ ൌ ݐ݀	ܪ ൌ ቀ
ு

థሶ
ቁ ݀߶ ൎ െ ଵ

ெ೛೗
మ ሺܸ/ܸ′ሻ ݀߶                    (C.1.3) 

ௗே

ௗథ
ൎ െ

ଵ

ெ೛೗
మ ሺܸ/ܸ′ሻ 

0.3 

Total  1.7 
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D. Inflation with A Simple Potential  

 

Question D.1 

Answer  Marks 

Inflation ends at ߳ ൌ 1. Using ܸሺ߶ሻ ൌ Λସ൫߶/ܯ௣௟൯
௡
 yields 

߳ ൌ
௣௟ܯ
ଶ

2
൤
݊

߶end
൨
ଶ

ൌ 1 ⟹ ߶௘௡ௗ ൌ
݊

√2
௣௟ܯ  

0.5 

Total 
0.5 

 

 

 

 

Question D.2 

Answer  Marks 

From equations (C.1.1), (C.1.2) and (C.1.3) we can obtain 

ܰ ൌ െቈ
߶
௣௟ܯ

቉
ଶ 1
2݊

൅ 	ߚ

where	ߚ	is	a	integration	constant.	As	ܰ ൌ 0	at	߶௘௡ௗ	then	ߚ ൌ
௡

ସ
.	

ܰ ൌ െ ቈ
߶
௣௟ܯ

቉
ଶ 1
2݊

൅
݊
4
	

0.2 

௏ߟ ൌ ݊ሺ݊ െ 1ሻ ൤
௣௟ܯ

߶
൨
ଶ

ൌ
2ሺ݊ െ 1ሻ
݊ െ 4ܰ

 
0.2

ߝ ൌ
݊ଶ

2
൤
௣௟ܯ

߶
൨
ଶ

ൌ
݊

݊ െ 4ܰ
 

0.2 

so that 

ݎ ൌ ߝ16 ൌ
16݊

݊ െ 4ܰ
 

0.1 
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݊௦ ൌ 1 ൅ ௏ߟ2 െ 6߳ ൌ 1 െ
2ሺ݊ ൅ 2ሻ
ሺ݊ െ 4ܰሻ

 
0.1 

To obtain the observational constraint ݊௦ ൌ 0.968  we need  ݊ ൌ െ5.93 which 
is inconsistent with the condition ݎ ൏ 0.12.  There is no a closest integer ݊	that 
can  obtains  ݎ ൏ 0.12.  As  example,  for  ݊ ൌ െ6  leads  a  contradiction  0 ൏
ሺെ0.27ሻ and for ݊ ൌ െ5 leads a contradiction 0 ൏ ሺെ0.2ሻ.  

  

0.1 

Total  0.9 
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	коришћењем	методе	скретања	ласерског	снопа.
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3.	
4.	
5.	
6.	
7.	
8.	
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λ
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11.	
12.	
13.	

	

ξ
Y δ dn/dY

=i
ξiZ0
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=Yi
ξiZ0

+d+ZZ0

Z Z0 d

Z0

d α

=( )dn
dY i

δi

Zd

Z Z0

Z Z0

C0
C0 C0
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t

Z d Z0 ξi δi i

t
Z d Z0 ξi δi

Z d Z0

Yi ( )dn
dY i
t

Z d Z0
( )dn

dY i Yi t

A.4
Y i ( )dn

dY i
Yi h
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= ( )( )dn
dY i

dn
dc ( )dc

dY i

≈( )dc
dY i

Co

2 πDt√
e−

(h− Yi)2

4Dt

C D t h
Yi (dn/dY)

(dn/dY)i Yi

на	 (3,4)	 нађите	 функције	 	 и	 	 такве	 да
између	 	и	 	буде	линеарна.

f ( )dn
dY g (Y)

f ( )dn
dY g (Y)

D
t

Досадашња	 анализа	 је	 заснована	 на	 претпоставци	 да	 	 не
зависи	 од	 .	 Ако	 то	 није	 тачно,	 у	 питању	 је	 нелинеарна
дифузија.	 Ипак,	 близу	 максимума	 може	 се	 узети	 да	 је	 у
питању	 стандардна	 дифузија,	 при	 којој	 коефицијент	 дифузије
одговара	 локалној	 вредности	 концентрације.	 Одредите	 промену
коефицијента	 дифузије	 услед	 промене	 концентрације	 воденог
раствора	соли,	графички,	користећи	податке	из	дела	Б.

	

	

D
C

dn
dY
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9.	

10.	

11.	

12.	

13.	

14.	

15.	

1.	

2.	

3.	

4.	

−

R
L
gM

ρ 3

d
d
d
d

T
μ0 × −6

kB × −23

2
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y0

y0 ( )FM y0
χ y0

μ = (1 + χ)μ0 μ

( ) = − f ( )FM y0
χμ0M

2 V r
2

R4

a5
y0
a

( )FM y0 Vr
M a
a = R + /2gM gM

gM f (u)

f (u) = 4u(3− )(1− )u2 u2

(1+u2)5

y0

χ
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τ
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E1.	Marking	Scheme	&	Solution	
	

	

	

	 	 	 	

Experimental	
Question	 1

Student	Code	
page	1	of	19	

Determination	of	Refractive	Index	Gradient	and	Diffusion	
Coefficient	of	Salt	Solution	from	Laser	Deflection	Measurement		

	(10	points)	

	

A. Measurement of Refractive Index Gradient of Salt Water Solution 

(4.5 points) 

Question	 Answer	 Marks	

A1.	

(1.2	pts)	

	

															 	

	

No	dip	

No	reference	line	

Deflectogram	(DL)	not	at	the	centre	(+‐	5mm)	but	
the	depth	of	dip	still	in	1.5	‐	1.6	cm	range	

DL	at	the	centre,	the	depth	of	dip	<1.5	cm	or	>1.6	cm	

DL	not	at	the	centre,	the	depth	of	dip	<1.5	cm	or	>1.6	
cm	

	

Deflectogram	
of		

C0	=	23	g/150	
mL	

	

	

Centred	

	

Depth	of	dip:	

1.5	‐	1.6	cm	

(0.4	pts)	

	

‐0.4	

‐0.05	

	

‐0.05	

‐0.05	

‐0.1	

	 	 Deflectogram	
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A1.	

	

	

No	dip	

No	reference	line	

Deflectogram	(DL)	not	at	the	centre	(+‐	5mm)	but	
the	depth	of	dip	still	in	1.7	cm	‐	1.9	cm	range	

	

DL	at	the	centre,	the	depth	of	dip	<1.7	cm	or	>1.9	cm	

	

DL	not	at	the	centre,	the	depth	of	dip	<1.7	cm	or	>1.9	
cm	

	

of		

C0	=	28	gr/150	
mL	

	

Centred	

	

Deep	of	dip:	

1.7	‐	1.9	cm	

(0.4	pts)	

	

	

	

‐0.4	

‐0.05	

‐0.05	

	

‐0.05	

	

‐0.1	
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A1.	

	

	

No	dip	

No	reference	line	

Deflectogram	(DL)	not	at	the	centre	(+‐5mm)	but	
the	depth	of	dip	still	in	1.9	‐	2.3	cm	range	

DL	at	the	centre,	the	depth	of	dip	<1.9	cm	or	>2.3	cm	

DL	not	at	the	centre,	the	depth	of	dip	<1.9	cm	or			
>2.3	cm	

Deflectogram	
of		

C0	=	33	g/150	
mL	

	

Deep	of	dip:	

1.9	‐	2.3		cm	

	

(0.4	pts)	

	

	

	

‐0.4	pts	

‐0.05	pts	

‐	0.05	pts	

	

‐	0.05	pts	

‐0.1	

A2.	

(1.5	pts)	

	

i  i (cm)  i (cm) Zo (cm) d(cm) Z (cm) 
1  0.05  11.55 10.4 ± 0.  1 0.8 ± 0.1 53.4 ± 0.1 

2  0.35  11.3
3  0.6  11.05
4  0.9  10.85
5  1  10.65
6  1.1  10.35
7  1.3  10.15
8  1.4  9.85
9  1.45  9.7
10  1.5  9.45
11  1.6  9.25
12  1.5  8.95
13  1.4  8.65
14  1.2  8.35
15  1  8.05

Table	1	of		

C0	=	23	g/150	
mL	

	

Optimum		Z	
and	Z0	

	

#	data	=	20	

	

(0.5	pts)	
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16  0.8  7.75
17  0.7  7.55
18  0.5  7.25
19  0.3  6.95
20  0.2  6.65
21  0.05  6.4

	

Correct	data	point	must	be	extracted	from	deflectogram	

#	correct	data	points	>=	20,	but	not	all	observable	(Z,	
Z0,	d)	are	written		

Incorrect	d	

		

15<=	#	correct	data	points<20,		

		

10<#	correct	data	points<15	

#correct	data	points<10	

	

	

	

	

	

‐0.05	pts	

	
‐0.05	pts	

	

‐0.15	pts	

	

‐0.3	pts	

‐0.45	pts	

	

A2.	

	

	

i  i (cm)  i (cm)  Zo (cm)  d(cm)  Z (cm) 

1  0.05  11.65 10.4 ± 0.  1 0.8 ± 0.1 53.4 ± 0.1 

2  0.25  11.4
3  0.4  11.2
4  0.8  11
5  1  10.75
6  1.2  10.4
7  1.4  10.2
8  1.5  10
9  1.6  9.8
10  1.7  9.5
11  1.75  9.25
12  1.7  8.95
13  1.65  8.7
14  1.5  8.4
15  1.25  8.05
16  0.9  7.6
17  0.6  7.3
18  0.4  7.05
19  0.25  6.75
20  0.05  6.3

	

Table	1	of		

C0	=	28	g/150	
mL		

	

Optimum		Z	
and	Z0	

	

#	data	=	20	

	

	

(0.5	pts)	
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Correct	data	point	must	be	extracted	from	deflectogram	

#	correct	data	points	>=	20,	but	not	all	observable	(Z,	
Z0,	d)	are	written		

Incorrect	d	

	15<=	#	correct	data	points<20,		

		

10<#	correct	data	points<15	

#correct	data	points<10	

	

‐0.05	pts	

	
‐0.05	pts	

‐0.15	pts	

	

‐0.3	pts	

‐0.45	pts	

	

A2.	 	

i  i (cm)  i (cm) Zo (cm) d(cm) Z (cm) 

1  0.05  11.6 10.4 ± 0.  1 0.8 ± 0.1 53.4 ± 0.1 

2  0.15  11.4
3  0.35  11.1
4  0.65  10.85
5  1.1  10.6
6  1.3  10.4
7  1.5  10.2
8  1.7  10
9  1.85  9.7
10  2  9.5
11  2.1  9.25
12  2  9
13  1.8  8.6
14  1.5  8.3
15  1.25  8.05
16  1  7.8
17  0.75  7.45
18  0.55  7.15
19  0.4  6.8
20  0.2  6.4
21  0.05  6.1

	

Correct	data	point	must	be	extracted	from	deflectogram	

#	correct	data	points	>=	20,	but	not	all	observable	(Z,	
Z0,	d)	are	written		

Incorrect	d	

	15<=	#	correct	data	points<20,		

Table	1	of		

C0	=	33	g/150	
mL	

	

#	data	point	>=	
20	

	

(0.5	pts)	

	

	

	

	

	

	

	

	

‐0.05	pts	

	
‐0.05	pts	

‐0.15	pts	
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10<#	correct	data	points<15	

#correct	data	points<10	

‐0.3	pts	

‐0.45	pts	

	

A3.	

(1.5	pts)	

	

i Yi (cm)  dn/dY
1 1.85944 0.00117

2 1.81919 0.00819

3 1.77894 0.01404

4 1.74674 0.02106

5 1.71455 0.02340

6 1.66625 0.02574

7 1.63405 0.03043

8 1.58575 0.03277

9 1.56161  0.03394

10 1.52136 0.03511

11 1.48916 0.03745

12 1.44086 0.03511

13 1.39257  0.03277

14 1.34427 0.02809

15 1.29597 0.02340

16 1.24767 0.01872

17 1.21548  0.01638

18 1.16718 0.01170

19 1.11888 0.00702

20 1.07058 0.00468

21 1.03034 0.00117

	
Jury	must	check	the	data	in	table	

#	wrong	data	point	<	3	

3<#	wrong	data	point	<	6	

#	wrong	data	point	>	6	

	

	

Table	2	of		

C0	=	23	g/150	
mL.	

	

#	data	=	20	

	

(0.25	pts)	

	

	

	

	

	

	

	
	

	

‐	0	

‐	0.05	pts	

‐	0.25pts	
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A3.	

	

	

	

	

	

No	x‐axis	label	

No	x‐axis	unit	

Without	x‐axis	unit	

No	y‐axis	label	

No	y‐axis	unit	

Without	y‐axis	unit	

Ordinate	axis	represented	in	2	digid	behind	point	

Ordinate	axis	represented	in	3	digid	behind	point	

Random		shape	

Plot	dn/dY	vs	Y	

C0	=	23	g/150	
mL.	

	

“Gaussian‐Like”	
shape	

	

(0.25	pts)	

	

	

	

	

	

	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.05	pts	

‐0	pts	

‐0.25	pts	

A3.	 	

	

i Yi (cm)  dn/dY
1 1.87554 0.00117

2 1.83529 0.00585

3 1.80309 0.00936

4 1.77089 0.01872

Table	2	of		

C0	=	28	g/150	
mL.	

	

#	data	=	20	
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5 1.73065  0.02340

6 1.67430 0.02809

7 1.64210 0.03277

8 1.60990 0.03511

9 1.57770 0.03745

10 1.52941 0.03979

11 1.48916 0.04096

12 1.44086 0.03979

13 1.40061 0.03862

14 1.35232 0.03511

15 1.29597 0.02926

16 1.22352 0.02106

17 1.17523 0.01404

18 1.13498 0.00936

19 1.08668 0.00585

20 1.01424 0.00117

	

Jury	must	check	the	data	in	table	

	

#	wrong	data	point	<	3	

3<#	wrong	data	point	<	6	

#	wrong	data	point	>	6	

(0.25	pts)	

	

	

	

	

	

	

	

	

	

	

‐	0	

‐	0.05	pts	

‐	0.25pts	

A3.	 	 	

Plot	dn/dY	vs	Y	

C0	=	28	g/150	
mL.	

	

“Gaussian‐Like”	
shape	

	

(0.25	pts)	
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without	x‐axis	label	

without	x‐axis	unit	

wrong	x‐axis	unit	

without	y‐axis	label	

without	y‐axis	unit	

wrong	y‐axis	unit	

Ordinate	axis		represented	in	2	digid	behind	point	

Ordinate	axis		represented	in	3	digid	behind	point	

Random		shape	of	the	curve	

	

	

	

	

	

	

	

	

	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.05	pts	

‐0	pts	

‐0.25	pts	

A3.	 	

i Yi (cm)  dn/dY
1 1.86749 0.00117

2 1.83529 0.00351

3 1.78699 0.00819

4 1.74674 0.01521

5 1.70650 0.02574

Table	2	of		

C0	=	33	g/150	
mL.	

	

#	data	=	20	
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6 1.67430 0.03043

7 1.64210 0.03511

8 1.60990 0.03979

9 1.56161  0.04330

10 1.52941 0.04681

11 1.48916 0.04915

12 1.44891 0.04681

13 1.38452  0.04213

14 1.33622 0.03511

15 1.29597 0.02926

16 1.25572 0.02340

17 1.19938 0.01755

18 1.15108 0.01287

19 1.09473 0.00936

20 1.03034 0.00468

21 0.98204 0.00117

	

Jury	must	check	the	data	in	table	

#	wrong	data	point	<	3	

3<#	wrong	data	point	<	6	

#	wrong	data	point	>	6	

	

(0.25	pts)	

	

	

	

	

	

	

	

	

	

‐	0	

‐	0.05	pts	

‐	0.25pts	

A3.	 	 	

Plot	dn/dY	vs	Y	

C0	=	33	g/150	
mL.	

	

(0.25	pts)	
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without	x‐axis	label	

without	x‐axis	unit	

wrong	x‐axis	unit	

without	y‐axis	label	

without	y‐axis	unit	

wrong	y‐axis	unit	

	

Ordinate	axis		represented	in	2	digid	behind	point	

Ordinate	axis		represented	in	3	digid	behind	point	

	

Random		shape	of	the	curve	

	

	

	

	

	

	

	

	

	

	

	
	
‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

	

‐0.05	pts	

‐0	pts	

	

‐0.25	pts	

A4.	

(0.3	pts)	

	

h	for	23	g/	150	mL	=					ሺ1.5 േ 0.1ሻ 											cm	

	

0.1	pts	
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h	for	28	g/	150	mL	=						ሺ1.5 േ 0.1ሻ 									cm	

	

h	for	33	g/	150	mL	=						ሺ1.5 േ 0.1ሻ											cm	

		

If	h	is	correctly		determined	from	graph	A3	for	each	
concentration	

	

If	h	is	not	correctly		determined	from	graph	A3	for	each	
concentration	

	

	

0.1	pts	

	

0.1	pts	

	

‐	0	

	

	

‐0.1	

	

	

B	:	Determination	of	Diffusion	Coefficient	(4.2	points)	

		

Question	 Answer	 Marks	

B1.	

(0.9	pts)	

Linear	form	of	eq.(3)	

	

ln ቀௗ௡
ௗ௒
ቁ ൎ ݉ሺ݄ െ ܻሻଶ ൅ 	(b1)																															ܥ

		݉ ൌ െ ଵ

ସ஽೐௧
	

Constant	:	ܥ ൌ ln ൬൫೏೙
೏೎
൯ ቀ ಴బ

మඥഏವ೐೟
ቁ൰	

	

Other	than	(b1)	

	

	

0.9	pt	

	

	

	

	

‐0.9	pts	

B2.	

(1.8	pts)	

	

i  (h‐yi)2  ln(dn/dy)
1  0.06592  ‐3.86003

2  0.050423  ‐3.75467

3  0.031065  ‐3.65936

Table	3	
of		

C0	=	23	g	
/150	mL.
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4  0.020752  ‐3.4923

5  0.00917  ‐3.41819

6  0.005128  ‐3.3831

7  0.000984  ‐3.3492

8  6.99E‐07  ‐3.28466

9  0.002414  ‐3.3492

10 0.009493  ‐3.41819

11 0.021237  ‐3.57235

12 0.037646  ‐3.75467

13 0.05872  ‐3.97781

	

Jury	must	check	the	data	in	table	

#	of	data	point	>	10	

3	<=	#	of	data	point	<	10	

#	of	data	point	<	3		

#	wrong	data	point	<	3	

3<#	wrong	data	point	<	6	

#	wrong	data	point	>6	

	

#	data	=	
10	

	

(0.3	pts)	

	

	

	

‐0	pts	

‐0.05	pts	

‐0.3	pts	

‐	0	

‐	0.05	pts

‐	0.25	pts

	

	

B2	

	

	

	

Using	linear	regression	of	eq.	(B1.1),	we	obtain	

m	(slope)	=	െ10			cm‐2		till	െ8.8 		cm‐2	

	

Plot	of		
Table	3	

C0	=	23	
g/150	
mL	

	

#	data	=	
10	

	

	

	

(0.3pts)	
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without	x‐axis	label	

without	x‐axis	unit	

wrong	x‐axis	unit	

without	y‐axis	label	

without	y‐axis	unit	

wrong	y‐axis	unit	

	

#	of	data	point	in	linear	range	>	10	

3	<=	#	of	data	point	in	linear	range	<	10	

#	of	data	point	in	linear	range	<	3	or	random	shape	of	curve	

m	is	out	of	range	

	

	

	

	

	

	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

	

‐	0	

‐	0.05	pts

‐	0.25	pts

‐0.3	pts	

	

B2.	

	

	

i  (h‐yi)2  ln(dn/dy)
1  0.057912  ‐3.75467

2  0.033968  ‐3.57235

3  0.023136  ‐3.41819

4  0.014378  ‐3.3492

5  0.007693  ‐3.28466

6  0.001553  ‐3.22404

7  6.99E‐07  ‐3.19505

8  0.002414  ‐3.22404

9  0.007989  ‐3.25389

10 0.018955  ‐3.3492

11 0.037646  ‐3.53152

12 0.071007  ‐3.86003

13 0.099079  ‐4.26549

	

Jury	must	check	the	data	in	table	

Table	3	
of		

C0	=	28	g	
/150	mL	

	

#	data	=	
10	

	

(0.3	pts)	
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#	of	data	point	>	10	

3	<=	#	of	data	point	<	10	

#	of	data	point	<	3		

	

#	wrong	data	point	<	3		

3<#	wrong	data	point	<	6	

#	wrong	data	point	>6	

‐0	pts	

‐0.05	pts	

‐0.3	pts	

	

‐	0	

‐	0.05	pts

‐	0.25	pts

	

	

B2.	

	

	

	

Using	linear	regression	of	eq.	(B1.1),	we	obtain	

m	(slope)	=	െ10.3			cm‐2		till	െ11			cm‐2	

without	x‐axis	label	

without	x‐axis	unit	

wrong	x‐axis	unit	

without	y‐axis	label	

without	y‐axis	unit	

wrong	y‐axis	unit	

	

	

Plot	of		
Table	3	

C0	=	28	
g/150	
mL	

	

#	data	=	
10	

	

	

	

	

(0.3pts)	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

	

‐0	pts	
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#	of	data	point	in	linear	range	>	10	

3	<=	#	of	data	point	in	linear	range	<	10	

#	of	data	point	in	linear	range	<	3	or	random	shape	of	curve	

m	is	out	of	range	

	

‐0.05	pts	

‐0.3	pts	

‐0.3	pts	

		

	

B2.	

	

	

i  (h‐yi)2  ln(dn/dy)
1  0.046873  ‐3.65936

2  0.033968  ‐3.4923

3  0.023136  ‐3.3492

4  0.014378  ‐3.22404

5  0.005128  ‐3.13948

6  0.001553  ‐3.06152

7  6.99E‐07  ‐3.01273

8  0.001688  ‐3.06152

9  0.011126  ‐3.16688

10 0.023647  ‐3.3492

11 0.037646  ‐3.53152

12 0.054884  ‐3.75467

13 0.08446  ‐4.04235

	

Jury	must	check	the	data	in	table	

#	of	data	point	>	10	

3	<=	#	of	data	point	<	10	

#	of	data	point	<	3		

#	wrong	data	point	<	3	

3<#	wrong	data	point	<	6	

#	wrong	data	point	>6	

Table	3	
of		

C0	=	33	g	
/150	mL	

	

#	data	=	
10	

	

(0.3	pts)	

	

	

	
‐0	pts	

‐0.05	pts	

‐0.3	pts	

‐	0	

‐	0.05	pts

‐	0.25		

	

	

B2.	

	 	

Plot	of		
Table	3	

C0	=	33	
g/150	
mL	
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Using	linear	regression	of	eq.	(B1.1),	we	obtain	

m	(slope)	=	െ11.3			cm‐2		till	െ12.8			cm‐2	

without	x‐axis	label	

without	x‐axis	unit	

wrong	x‐axis	unit	

without	y‐axis	label	

without	y‐axis	unit	

wrong	y‐axis	unit	

	

m	is	out	of	range	

#	of	data	point	in	linear	range	>	10	

3	<=	#	of	data	point	in	linear	range	<	10	

#	of	data	point	in	linear	range	<	3	or	random	shape	of	curve	

	

	

#	data	=	
10	

	

(0.3pts)	

	
‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

‐0.01	pts	

	

‐0.3	pts	

‐0	pts	

‐0.05	pts	

‐0.3	

B3	

(1.5	pts)	

	

	

D	of		23	g/	150	mL	=										(1.38	till	1.58)		x	10‐5	cm2/s																					

	

D	of		28	g/	150	mL	=										(1.26	till	1.46)		x	10‐5	cm2/s																					

	

	

0.5	pts	

	

0.5	pts	
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D	of		33	g/	150	mL	=										(1.03	till	1.23)		x	10‐5	cm2/s	

D	is	out	of	range	for	each	concentration	

	

0.5	pts‐	

‐0.5	pts	

	

	

C. Nonlinear diffusion (1.3 points) 

Question	 Answer	 Marks	

	

C1.	

(1.3	pts)	

	

Without	error	bars	

Value	of	C	not	stated	in	C0/2	

Plot	D	vs.	
C0	

	

	

0.8	pts	

	

	

	

	

‐0	

‐0.4	pts	

	

C1.	

	

ௗ

ௗ஼
ܦ ൌ െ4.2	 ൈ 10ିହܿ݉ଶ	݉ܮ	݃ିଵିݏଵ	 till  

െ15.8 ൈ 10ିହܿ݉ଶ	݉ܮ	݃ିଵିݏଵ 
 
	

Without	or	wrong	unit	

Out	of	range	

	

	

0.5	pts	

	

‐0.01	pts	

‐0.5	pts	
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Parallel	Dipole	Line	Magnetic	Trap	for	
Earthquake	&	Volcanic	Sensing	(10	points)	

	

A. BASIC CHARACTERISTICS OF PDL TRAP  

1. Determination of the magnet's magnetization (M)  (2.5 pts) 

Quest
ion	

Answer	 Marks	

A.1	
0.1	
pts	

Record zero offset (B0) of the Teslameter without any magnet 
nearby. Subtract subsequent field measurement with this value 
 
Example from a Teslameter unit: B0 =  0.86 mT 
 

0.08 pts range (-10 mT to 
10 mT) 
 
Correct unit: 0.02 pts	
	

A.2	
1.15	
pts	

Measure magnetic field B vs. x in the near field region (7  x  
 16 mm). Where x is the position measured from the center of 
the magnet. Record and plot your result on the answer sheet.  
 
x0 = 4 mm, B0=0.86 mT. x is measured from surface. B = 
Braw - B0 
 
x X Braw B ln(x) ln(B)
(mm) (mm) (T)  (T) x in m B in T
   
3 7 0.1576 0.1567 -4.962 -1.853
4 8 0.1186 0.1177 -4.828 -2.139
5 9 0.0951 0.0942 -4.710 -2.362
6 10 0.0785 0.0776 -4.605 -2.556
7 11 0.0657 0.0648 -4.510 -2.736
8 12 0.0579 0.0570 -4.423 -2.864
9 13 0.0445 0.0436 -4.343 -3.132
10 14 0.0371 0.0362 -4.269 -3.318
12 16 0.0321 0.0312 -4.135 -3.466

 
Plot: 

 
 

	
Correct label and  
unit for data: 0.1 pts 
 
Number of correct data 
 for x <= 16 mm: 
0.05 pts for each correct 
data, max 0.45 pts  
 
 
 
 
 
 
 
 
 
 
 
 
 
Plot: 
-Correct axis label and unit:  
0.05 pts 
 
- Using around 75% of plot 
area: 0.05 pts 
 
-For each correct data 
point: 0.05 pts, max. 0.4 pts 

 
-Adding  trendline: 0.1 pts 
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A.3	
0.75	
pts	

Use your experimental data to determine the value of the 
exponent p. 

Linear regression (LR)  y = a + b x : 
1

2 π p

m
B

L x

  

ln( ) lnB a p x    where ln
2 π

m
a

L

 
  

 
.  

LR yields : a = -11.765 and b = -1.997 
The power exponent: 
p = -b = 2.0 
 
Note that  this is in very good agreement with the exact result: 
at short distance (x < L) a diametric (or a dipole line) magnet 
has B ~ 1/r2 dependence. See Ref. [1] , Fig. 2c. 
	

Obtaining p from graph: 
0.05 pts 
Obtaining p from linear 
regression:  0.1 pts 
 
Result: 
p = 1.8 - 2.2 : 0.65 pts 
p = 1.6 - 2.4  : 0.35 pts 
 
Result with wrong sign: 
p = (-1.8) – (-2.2) : 0.4pts 
p = (-1.6) – (-2.4) :0.1pts 
 
More than two sig. figs.: 
minus 0.05 pts 
	

A.4	
0.5	
pts	

Determine the magnet's magnetization M. 
	

22π
exp( ) 0.987 Am

L
m a



   

6
2

1.2x10 A/m
π

m
M

R L
   

 
This is close to the more accurate results from more extensive 
measurements to far field (see Ref. [1], Fig. 2c)  and we use 
this value for subsequent questions: 

61.1x10 A/mM  	
	

Correct unit: 0.05 pts
 
Obtaining intercept (a) 
from graph: 0.025 pts 
Obtaining intercept  from 
LR: 0.05 pts 
 
Correct formula for m 
and/or M :  0.1 pts 
 
Result for M (x106 A/m): 
  0.9 - 1.4 : 0.3 pts 
  0.1 - 2.5 : 0.15 pts 
 
More than 2  sig. figs.: 
minus 0.05 pts	

	
	
2. The Magnetic Levitation Effect and Magnetic Susceptibility () (1 pts)   

 

Quest
ion	

Answer	 Marks	

A.5	
0.1	
pts	

Place	gently	a	graphite	rod	HB/0.5	and	length	=	8	mm.	
Measure	the	levitation	height	y0	of	the	rod	(see	Fig.	7a).	Hint:	
Use	the	insert	ruler	provided	as	shown	in	Fig.	7b.	Press	the	
ruler	on	the	magnets	to	read	the	position	of	the	graphite	rod	

 
We levitate graphite HB/0.5, l = 8mm. Using the insert-ruler, 
we measure approximately y = 1 mm from the top of the 
magnet surface. Thus:  y0 = R - y = (3.2 - 1) mm  = 2.2 mm 
	

correct unit: 0.02 
 
y0 = (1.7 - 2.2) mm: 0.08 
pts 
 
partial credit: 
Only y = (1 - 1.5) mm:  
0.03 pts   
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A.6	
0.8	
pts	

Use the result from part A.5 to determine the magnetic 
susceptibility  of the graphite rod. 
 

Solving for :   
2 4

05
( / )

2
R

y Y

M V R
mg F f y a

a

     

5

2 4
0( / )Y

ga

M R f y a





   

 
We calculate:  / 2Ma R g  =(3.2+1.5/2) mm=3.95 mm. 

Using y0 = 2.2 mm:  
2 2

2 5

4 (3 )(1 )
( )

(1 )Y

u u u
f u

u

 



 ,

0( / ) (2.2 / 3.95)Y Yf y a f =1.07 

Using the correct  M = 1.1x106A/m;  and  R = 3.2 mm,  = 
1680 kg/m3 we have: 41.85x10   .  
 
Note that this is very good agreement with the literature value 
for graphite pencil lead:  42 10    (see Ref.[1], pg. 2 & 
Ref.[2]). The sign is negative indicating a diamagnetic 
material. 
	

	
Correct expression for : 
0.4 pts 
 
Result for  (x10-4) 
-(1.4 to 2.6) :  0.4 pts  
-(0.5 to 4) : 0.2 pts  
 
Wrong sign: minus 0.1 
pts 
	
	

A.7	
0.1	
pts	

What	kind	of	magnetic	material	is	graphite?	Choose	one:	(i)	
Ferromagnetic;	(ii)	Paramagnetic;	or	(iii)	Diamagnetic?	
 
(iii) Diamagnetic.  Because: 
         (1) Graphite is repelled by magnetic field 
         (2) The sign of  is negative.	

Correct choice: 0.1 pts

 
3. The camelback potential oscillation and magnetic susceptibility () (1 

points) 

Quest
ion	

Answer	 Marks	

	
A.8	
0.2	
pts	

Perform	an	oscillation	for	the	"HB/0.5"	graphite	and	l	=8	
mm.	Limit	to	small	oscillation	amplitude	i.e.	A	<	4mm.		
Determine	the	oscillation	period.	(The	oscillation	will	decay	
over	time	due	to	damping,		ignore	this	damping	effect).			
	
Example,	we	measured	5	oscillations	of	HB/0.5 with length l 
= 8 mm. We displaced it by ~3 mm and let it oscillates. We 
measured 5 oscillation periods: 
	
Trial 5 Tz  
 (s)  
1 6.12  

Correct label and unit: 
0.02 pts 
 
Number of correct data 
 each 0.01 pts, max 0.03 
pts 
 
Number of oscillation  
 < 3   : 0 pts 
>= 3  : 0.05 pts 
	
	
Tz = (1.2 - 1.5) s: 0.1 pts
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2 6.13  
3 6.14  
	
Average	:	Tz	=	1.23	s	
	

	
	
	
	

	
A.9	
0.8	
pts	

Calculate	the	magnetic	susceptibility	()	of	the	graphite	
using	this	oscillation	
	
For harmonic oscillator : z Rk m  , solving for : 

2

2 2
1 1

ωz

r

k

C M V C M


  

    

Using the correct  M = 1.1x106A/m. 
Using C1 = 198.6/m2, and Tz = 1.23 s, we obtain 

41.5 10     .  
 
Note that this is in good agreement with the literature value of 
the graphite pencil lead: 42 10    (Ref.[1], pg. 2); and the 
sign is negative indicating a diamagnetic material. 
	

Correct expression for : 
0.4 pts 
 
Result for  (x10-4) 
-(1.4 to 2.6) :  0.4 pts  
-(0.5 to 4) : 0.2 pts  
 
Wrong sign: minus 0.1 
pts 
	

	

4. Oscillator quality factor (Q) and estimate of air viscosity	A		(3.0	points)	

Quest
ion	

Answer	 Marks	

	
A.10	
0.5	
pts	

We need to determine the damping time constant of the 
oscillation . Sketch how you measure  in a simple way . 

 
The trick is to use "half-time" concept of exponential decay. 
We set the oscillation and measure the time taken for the 
amplitude to halve. The lifetime is: 

1/ 2

ln 2

t 
  

	

	
Correct idea: 0.3 pts 
 
Correct expression for 
:  0.2 pts 
	

	
A.11	
1.5	
pts	

Perform	oscillation	damping	experiments	with	a	group	of	
rods	with	various	diameters	and	fixed	length	of	8	mm.		
Determine	the	damping	time	constant			for	each	rods		
	

Correct label and 
unit 0.1 
 
Number of correct  data  
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We displaced the graphite by ~4 mm, started the stopwatch  
and then waited until it decays  to half.  
	
Trial Diam. Actual 

Radius 

t1/2 Mean

t1/2 

 r2xln(0.607 

l/r) 

 (mm) (mm) (s) (s) (s) (mm2)

1 0.3 0.19 3.89 3.913 5.646 0.117
   3.97
   3.88
2 0.5 0.28 7.69 7.617 10.989 0.224
   7.57
   7.59
3 0.7 0.35 8.77 8.82 12.73 0.322
   8.81
   8.88
4 0.9 0.45 12.4 11.70 16.88 0.482
   11.33
   11.38
	
	

for each diameter (4):
  < 3  : 0.1 pts 
  >=3 : 0.25 pts  
(max 1.0 pts) 
 
Positive monotonic trend 
for  vs. diameter from 
0.3 to 0.9 mm with  = 5 
to 20 sec  :  0.4 pts 
 
	
	
	
		

A.12	
1	pts	

Determine the air viscosity A 
	

	
	

We have: 2 ln 0.607
l

br
r

    
 

, where:   
2

3 A

b



 . We 

performed linear regression y= a+b x , with y =  and 

2 ln 0.607
l

x r
r

   
 

. We obtain: b = 29.02 s/mm2. 

2

3A b
 

   38.6 10-6 Pa.s   (1 Pa.s = 1 kg /m s)	

	
Note that this is about  2.1x the actual viscosity of air of 
18.2.Pa.s. The discrepancy is due to the ellipsoidal 

 
Correct unit: 0.05 
 
 
Obtaining result with 
linear regression or plot: 
0.25 pts 
 
 
 
 
Result  A (x10-6 Pa.s): 
   20 - 60 : 0.7 pts 
   10 - 80 : 0.4 pts 
   1 - 100 :  0.1 pts 
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approximation of the  Stokes drag (vs. the actual cylindrical 
shape of the rod) and the proximity effect of the rod to the 
magnet (wall effect). Another factor is the crude nature of our 
manual  determination. See Ref. [1], pg. 8. 	

 
 

B. SENSOR APPLICATION OF THE PDL TRAP 
 

5. PDL Trap Seismometer (0.5 pts) 

Quest
ion	

Answer	 Marks	

	
B.1	
0.2	
pts	

Which diameter of rod do you choose?  
 
To obtain the lowest acceleration noise floor "an" we should 
choose the largest diameter graphite i.e. 0.9 mm, because their 
damping time is the longest and the mass is the largest. 
 

Correct answer: 0.2 pts

B.2	
0.3	
pts	

Calculate the seismometer acceleration noise floor (an) for the 
rod of your choice! 
 
For HB/0.9 and length l = 8 mm: 
We use  = 16.9 s; and T = 298 K, we have: 2πRm r l 
8.55x10-6 kg : 
 

8 2 0.504
1.5x1 /

8
0 ( )

R R

B B
n

k T k T
a

Qm m
m s Hz




   

 

Correct unit: 0.1
 
 
Correct answer: 0.2 pts 

 

6. PDL Trap Tiltmeter (2 pts) 

Quest
ion	

Answer	 Marks	

	
B.3	
0.5	
pts	

Derive the relation theoretically between displacement z with 
the screw thread size S and the number of turns (N).  

sin /z
z

m g S N
k z m g m g N S D z

k D
      

From Question 3, we also have   ωzk m   : 

2ω

g S
z N

D
   

 

 
Correct expression: 
0.5 pts 
 
Partial credit 

sinzk z m g    : 0.2 
 

B.4	
1.25	
pts	

By turning the screw slowly, determine the rod displacement 
z vs. the number of screw turns (N).  Determine the thread 
size S  

 
Correct label and unit: 
0.1 pts 
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We measured the distance between screws: D = 22 cm, and we 
used the period from Q3:  Tz = 1.23 s 
 
z  N 
(mm)  (turn) 
   
0 0 0 
0.5 135 0.375 
1 270 0.75 
1.5 450 1.25 
2 585 1.625 
2.5 720 2.0 
3 855 2.375 
3.5 945 2.625 

 

 
By performing linear regression: y = a + b x 

We have b = 1.287 mm/turns : 
2ωb D

S
g

 = 0.75 mm/turn. 

This is reasonably close to the actual value of the thread size: S 
= (0.80.1) mm/turn. 
 

Distance between screws:
   22.8 < D < 22.2 cm : 
0.1 pts  
 
Number of correct data: 
  < 3 sets : 0 pts 
   3-5 sets: 0.15 pts 
    >5 sets : 0.25 pts  
 
Obtaining result with 
linear regression or plot: 
0.2 pts 

 
 

Result: 
0.7 < S < 0.9  : 0.55 pts 
0.5< S <1.1    : 0.15 pts 
 
Correct unit for S : 
0.05 

B.5 
0.25 
pts 

When the ground tilt changes we want the graphite rod to go to 
equilibrium as fast as possible (instead of sustaining very long 
oscillation) to allow easy reading. What is the ideal Q factor 
for a tiltmeter?  
 
We need critical damping thus: Q = 0.5 

 
 
 
Correct Q : 0.25 pts 
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